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Abstract. The family of all mixed Hodge structures on a given rational vector space MQ
with a fixed weight filtration W· and a fixed associated graded Hodge structure GrWM
is naturally in a one to one correspondence with a complex affine space. We study the
unipotent radical of the very general Mumford-Tate group of the family. We do this by using
general Tannakian results which relate the unipotent radical of the fundamental group of an
object in a filtered Tannakian category to the extension classes of the object coming from the
filtration. Our main result shows that if GrWM is polarizable and satisfies some conditions,
then outside a union of countably many proper Zariski closed subsets of the parametrizing
affine space, the unipotent radical of the Mumford-Tate group of the objects in the family is
equal to the unipotent radical of the parabolic subgroup of GL(MQ) associated to the weight
filtration on MQ (in other words, outside a union of countably many proper Zariski closed
sets the unipotent radical of the Mumford-Tate group is as large as one may hope for it to
be). Note that here GrWM itself may have a small Mumford-Tate group.

1. Introduction

1.1. Statement of the results. Let M = (MQ,W·, F
·) be a (rational) mixed Hodge struc-

ture on the rational vector space MQ, with weight filtration W· and Hodge filtration F ·. The
Mumford-Tate group of M , which we denote by G(M), is an algebraic subgroup of GL(MQ)
defined more classically as the subgroup of GL(MQ) which fixes all the Hodge classes of weight
zero (i.e. rational elements of W0 ∩ F 0) in direct sums of the objects

M⊗a,b := M⊗a ⊗M∨⊗b (a, b ∈ Z≥0).

An equivalent but perhaps more conceptual definition can be given in the language of Tan-
nakian formalism: G(M) is the fundamental group of the Tannakian category 〈M〉⊗ of mixed
Hodge structures generated by M , with the fiber functor being taken to be the forgetful func-
tor. Explicitly, this means that for every object X of the category generated by M , there is
a canonical corresponding representation ρX of the algebraic group G(M) on the underlying
rational vector space XQ of X, such that the forgetful functor X 7→ XQ gives an equivalence
of categories between 〈M〉⊗ and the category of finite-dimensional representations of the al-
gebraic group G(M). Since 〈M〉⊗ is generated by M , the map ρM : G(M) −→ GL(MQ) is
injective. Identifying G(M) as a subgroup of GL(MQ) via ρM we obtain the same group as
in the first definition. (See [1, Lemma 1].)

Since each W·M is a subobject of M , the action of G(M) respects the weight filtration
on MQ, so that G(M) is contained in the parabolic subgroup G0(MQ) of GL(MQ) associated
to the weight filtration. Let U(M) be the subgroup of G(M) which acts trivially on GrWMQ.
Then U(M) is the intersection of G(M) with the unipotent radical U0(MQ) of G0(MQ); the
latter group U0(MQ) being the subgroup of G0(MQ) which acts trivially on GrWMQ. We
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have a split short exact sequence

1 −→ U(M) −→ G(M) −→ G(GrWM) −→ 0.

To study G(M) one may then study G(GrWM) and U(M).
Much of the interest in mixed Hodge structures is in motivic mixed Hodge structures,

i.e. objects with “geometric origin”, such as the cohomology of a (not necessarily smooth or
projective) complex variety. Assuming M is motivic, GrWM will be polarizable and hence
G(GrWM) reductive, so that U(M) will be the unipotent radical of G(M). The study of
G(GrWM) in the motivic case amounts to understanding Hodge classes in tensor powers of
the pure motives GrWn M . According to the Hodge conjecture, this is related to questions
about algebraic cycles on smooth projective varieties. On the other hand, the unipotent
radical U(M) is more accessible: as we shall recall in the next subsection, U(M) can be
completely described in terms of the (Yoneda) extension classes Ep(M)

(1) 0 −→ WpM −→ M −→ M/WpM −→ 0.

The goal of this paper is to study the unipotent group U(M) as M varies through all
mixed Hodge structures on the same rational vector space, with the same weight filtration
and the same associated graded Hodge structure. More precisely, consider a triple of the form

(2) µ := (MQ,W·, M̃),

where MQ is a fixed nonzero finite-dimensional rational vector space, W· is a fixed finite
increasing filtration on MQ, and

M̃ =
⊕
n∈Z

M̃n,

where M̃n is a fixed pure Hodge structure of weight n on the vector space GrWn MQ. Say a
mixed Hodge structure M is associated to µ if the underlying rational vector space of M is
MQ, its weight filtration is W·, and

GrWM = M̃.

Thanks to the fact that we have fixed GrWM in the family, the set of all mixed Hodge
structures associated to µ can be identified with the set of complex points of an affine complex
variety S(µ). The variety S(µ) is in fact an affine space, i.e. is isomorphic to some AnC. To
be precise, S(µ) is isomorphic as a complex variety to the quotient of a unipotent complex
algebraic group by a subgroup. Such quotients are affine spaces by a theorem of Rosenlicht.
(See Section §2 for more details about S(µ).)

For any M associated to µ, the group U(M) is contained in U0(MQ) (the subgroup
of GL(MQ) which respects the weight filtration and acts trivially on GrW (MQ)). We have
equality of the two groups if and only if their Lie algebras coincide, i.e.

u(M) := Lie(U(M) = W−1End(MQ) := {f ∈ End(MQ) : f(WnMQ) ⊂Wn−1MQ (∀n)}

(W−1End(MQ) being the Lie algebra of U0(MQ)). Following [7], let us say u(M) is large if it
is equal to W−1End(MQ). Let D(µ) be the subset of S(µ)(C) consisting of all those M whose
u(M) is not large. A main result of the paper is the following:

Theorem A. Let µ be as above. Suppose the following two conditions hold:

(i) M̃ is semisimple.
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(ii) For any two distinct pairs (i, j) and (i′, j′) of integers with i < j and i′ < j′, the two
objects

Hom(M̃j , M̃i) and Hom(M̃j′ , M̃i′)

have no nonzero isomorphic subobjects. (Hom means internal Hom in the category of
mixed Hodge structures.)

Then D(µ) is contained in a union of countably many proper Zariski closed subsets of S(µ)(C).

In other words, assuming Conditions (i) and (ii), for a very general M associated to µ
the unipotent radical of the Mumford-Tate group of M is large. Note that Condition (ii) is
satisfied for example if the numbers

i− j (i, j ∈ Z, i < j, M̃i 6= 0, M̃j 6= 0)

are all distinct.
In the process of proving Theorem A we shall show that the jumping Hodge locus of the

family (where one has “extra” Hodge tensors) is a union of countably many Zariski closed
subsets of S(µ)(C) (see §1.2 for more details). But the result says more, namely that outside
this jumping locus the unipotent radical of the Mumford-Tate group is equal to U0(MQ). Note
that here (and in all the results below) the Mumford-Tate group of the fixed associated graded

GrWM ( = M̃) may be small. A fact to keep in mind in contextualizing these statements
is that the universal family of mixed Hodge structures associated to µ is not necessarily a
variation of mixed Hodge structures, as it might fail Griffiths’ transversality.

Let p be an integer. For any mixed Hodge structure M in our family, let

up(M) = u(M) ∩Hom(MQ/WpMQ,WpMQ),

where Hom(MQ/WpMQ,WpMQ) is considered as a subspace of W−1End(MQ) in the obvious
way, using functoriality properties of of Hom. Let us say up(M) is large if it is equal to
Hom(MQ/WpMQ,WpMQ). Then u(M) is large if and only if up(M) is large for all p. Let
Dp(µ) be the subset of S(µ)(C) consisting of all those M whose up(M) is not large. We shall
prove the following result, from which Theorem A follows immediately:

Theorem B. Let µ be as above. Fix p ∈ Z. Suppose the following two conditions hold:

(i) M̃ is semisimple.
(ii) The two objects⊕

(i,j)∈Jp1

Hom(M̃j , M̃i) and
⊕

(i,j)∈Jp2

Hom(M̃j , M̃i)

where

Jp1 := {(i, j) ∈ Z2 : i ≤ p < j}
Jp2 := {(i, j) ∈ Z2 : i < j} \ Jp1

do not have any nonzero isomorphic subobjects.

Then Dp(µ) is contained in a union of countably many proper Zariski closed subsets of
S(µ)(C).

Condition (ii) in both results above is an “independence axiom” requirement, in the sense
of [7]. We shall explain the relevance of Conditions (i) and (ii) to the proof of Theorem B (and
hence Theorem A) in §1.2 below. Most likely, the assertions made in the theorems remain
true even in the absence of these conditions, although our proof needs them (more on this is
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discussed in §1.2). We will however prove a simpler result in the same spirit without assuming
Conditions (i) or (ii), which we now explain.

Continue to fix p. The filtration W· on MQ induces filtrations on WpMQ and MQ/WpMQ,

which with abuse of notation we also denote by W·. Then WpM̃ and M̃/WpM̃ are graded
Hodge structures on WpMQ and MQ/WpMQ, respectively. Set

µp := (WpMQ,W·,WpM̃)

µ>p := (M/WpMQ,W·, M̃/WpM̃).

These are triples of a similar type to µ. There is a morphism

(3) Θp : S(µ) −→ S(µp)× S(µ>p)

which at the complex level sends a mixed Hodge structure M on MQ associated to µ to
the pair of mixed Hodge structures (WpM,M/WpM) attached to µp and µ>p. Moreover,
each of its fibers is seen to be an affine space, of positive dimension as long as WpMQ and
MQ/WpMQ are nonzero. Given (x, y) ∈ S(µp)(C)× S(µ>p)(C), let S(µ)(C)(x,y) be the set of
complex points of the fiber above (x, y) (parametrizing mixed Hodge structures M associated
to µ whose WpM and M/WpM respectively are the mixed Hodge structures associated to µp
and µ>p corresponding to the points x and y). Let Dp(µ)(x,y) be the subset of S(µ)(C)(x,y)
consisting of those M in S(µ)(C)(x,y) whose up(M) is not large. We show that:

Theorem C. Fix p ∈ Z and

(x, y) ∈ S(µp)(C)× S(µ>p)(C).

Then Dp(µ)(x,y) is a union of countably many proper Zariski closed subsets of S(µ)(C)(x,y).

1.2. The method of the proofs. The more classical approach to the study of Mumford-
Tate groups is through studying their invariants (e.g. see [4]). Here, since we are interested
in the unipotent radical only, instead we exploit the relations between the unipotent group
U(M) and the extensions Ep(M) of Eq. (1), which we shall briefly recall here. The rational
vector space u(M) (resp. up(M)) underlies a mixed Hodge substructure of W−1End(M) (resp.
Hom(M/WpM,WpM)), which we denote by u(M) (resp. up(M)). By a result of Deligne from
[10, Appendix], u(M) is determined by the extension

E(M) :=
∑
p

Ep(M) ∈ Ext(1,W−1End(M)),

where each Ep(M) is first considered as an extension of 1 by W−1End(M) through pushfor-
ward along the inclusion Hom(M/WpM,WpM) ⊂W−1End(M). Indeed, Deligne proves that
u(M) is the smallest subobject of W−1End(M) such that the pushforward of E(M) along

W−1End(M) −→W−1End(M)/u(M)

splits. By weight considerations, splitting of this pushforward can be translated as the exis-
tence of a nonzero Hodge class of weight zero in the quotient

W0End(M)†/u(M),

where W0End(M)† is a certain subobject of W0End(M), sitting as the middle object of the
extension E(M). On the other hand, by [6, Theorem 3.3.1] (which is obtained by a small
modification of the proof of Hardouin’s [9, Theorem 2] and [8, Theorem 2.1], those being
generalizations of a result of Bertrand from [2]), the extension Ep(M) by itself determines
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up(M), although in a more complicated way: Use canonical constructions to write Ep(M) as
the extension

0 −→ Hom(M/WpM,WpM) −→ Hom(M/WpM,M)† −→ 1 −→ 0.

The object Hom(M/WpM,M)† sitting in the middle is the subobject of Hom(M/WpM,M)

whose underlying rational vector space denoted by Hom(MQ/WpMQ,MQ)† consists of all
linear maps f : MQ/WpMQ −→ MQ which after composing with the quotient MQ −→
MQ/WpMQ are a scalar multiple λ(f) of the identity on MQ/WpMQ. The surjective arrow in
the sequence is f 7→ λ(f). Then up(M) is the smallest subobject of Hom(M/WpM,WpM)
such that

(4) Hom(M/WpM,M)†/up(M)

belongs to the Tannakian subcategory of the category of mixed Hodge structures generated
by M/WpM and WpM .

This last result on the relation between Ep(M) and up(M) enables one to prove Theorem
C in a fairly straightforward way, the key being that in each fiber S(µ)(C)(x,y) both M/WpM
and WpM are fixed, so that up to isomorphism there are only countably many possibilities

for Hom(M/WpM,M)†/up(M).
The relationship between Ep(M) and up(M) simplifies in the presence of Conditions (i)

and (ii) of Theorem B. Indeed, by [7, Corollary 5.3.2], assuming Conditions (i) and (ii), up(M)
is the smallest subobject of Hom(M/WpM,WpM) such that the pushforward of Ep(M) along
the quotient

Hom(M/WpM,WpM) −→ Hom(M/WpM,WpM)/up(M)

splits. By weight considertaions, this splitting is equivalent to existence of a nonzero Hodge
class of weight zero in Eq. (4).

To prove Theorem B, we use the previous result from [7], together with some geometric
results about algebraic families of mixed Hodge structures associated to a triple of the form
Eq. 2. By an algebraic family of mixed Hodge structures associated to a triple µ as above
parametrized by a complex variety X we mean a morphism

j : X −→ S(µ).

Some examples of algebraic families are follows:

- Taking X = S(µ) and j the identity map we obtain an algebraic family associated to
the triple µ; we call this family the universal family.

- Families defined using canonical linear algebraic constructions involving Hom, directs
sums, tensors and duals, and the weight filtration: Given the triple µ of Eq. (2), it is
easy to see that {Hom(M/WpM,WpM)}M∈S(µ)(C) is an algebraic family parametrized
by S(µ), associated to the triple

(Hom(MQ/WpMQ,WpMQ),W·, Hom(M̃/WpM̃,WpM̃)).

Here, as well as below, the weight filtration on Hom(MQ/WpMQ,WpMQ) or other
objects involving MQ is defined in the natural way using the weight filtration on MQ.
Similarly, we have algebraic families

(Hom(M/WpM,M)†)M∈S(µ)(C)

and

(W−1End(M))M∈S(µ)(C)
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parametrized by S(µ) associated respectively to

(Hom(MQ/WpMQ,MQ)†,W·, Hom(M̃/WpM̃, M̃)†)

and
(W−1End(MQ),W·,W−1End(M̃)).

More generally, we can similarly get families parametrized by S(µ) associated to var-
ious triples that can be produced from µ using operations of tensor products, Hom,
dualizing, direct sums, applying and modding out by Wp.

An algebraic family of mixed Hodge structures associated to a triple (in the above sense)
parametrized by X naturally gives rise to a family of mixed Hodge structures on X (or rather
X(C)) in the usual sense (i.e. a holomorphic vector bundle with a flat connection, filtered
by weight and Hodge filtrations with the weight filtration being flat with respect to the
connection, and such that the fibers equipped with the induced filtrations are mixed Hodge
structures). However, it is important to note that the families of interest to us in the paper,
in particular the families of the examples above, are usually not variations of mixed Hodge
structures (that is, they may not satisfy the Griffiths transversality condition).

In order to prove Theorem B we need a closed Hodge loci result for our algebraic families.
The theorem of Cattani-Deligne-Kaplan [3] does not apply to our setting, since as our families
are usually not variations. But again, thanks to the fact that GrWM is fixed in the family,
an analogous statement can be established as a consequence of Kostant-Rosenlicht’s closed
orbit theorem for actions of unipotent groups on affine varieties. To be more precise, given an

algebraic family of mixed Hodge structures associated to ν = (NQ,W·, Ñ) and parametrized
by X, and given a subspace AQ ⊂ NQ, let X(C)AQ be the set of points in X(C) consisting of
x ∈ X(C) such that AQ underlies a subobject of Nx, where Nx is the mixed Hodge structure
associated to ν at x. As an application of Kostant-Rosenlicht’s closed orbit theorem we we
show that X(C)AQ is a Zariski closed subset of X(C). In particular, given any v ∈ NQ, the

Hodge locus1

X(C)v := {x ∈ X(C) : v is a Hodge class of weight zero in Nx}
is a Zariski closed subset of X(C).

Given an algebraic family of mixed Hodge structures associated to ν = (NQ,W·, Ñ) and
parametrized by X, let us say a subspace AQ ⊂ NQ is a global Hodge subspace for the family
if X(C)AQ = X(C). If AQ is a global Hodge subspace, denote the mixed Hodge structure on
AQ at x ∈ X(C) by Ax, so that Ax is the subobject of Nx with underlying rational space
AQ. The final ingredient of the proof of Theorem B is that when AQ ⊂ NQ is a global Hodge
subspace, the mixed Hodge structures

(Nx/Ax)x∈X(C)

form an algebraic family of mixed Hodge structures associated to the triple

(5) (NQ/AQ,W·, Ñ/Ã),

where Ã is the subobject of Ñ with underlying rational vector space GrWAQ. The nontrivial
part of this assertion is the claim about algebraicity. This is proved using the fact that in
characteristic zero any torsor of a unipotent algebraic group over an affine variety is trivial.

With these in hand, the proof of Theorem B goes as follows. Given µ as in Eq. (2), it
suffices to show that for every proper subspace AQ of Hom(MQ/WpMQ,WpMQ), the set of

1Note that we use the term Hodge locus in a different way (although related, of course) to the more common
usage of the term.
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all those s in S(µ)(C) such that AQ underlies a subobject of Hom(Ms/WpMs,WpMs) and
up(Ms) ⊂ AQ is contained in a countable union of proper Zariski closed subsets of S(µ)(C).
It suffices to restrict our attention to those AQ that are global Hodge subspaces in the family
(Hom(Ms/WpMs,Ms)

†)s∈S(µ)(C) (as otherwise, S(µ)(C)AQ for the family is already a proper
Zariski closed subset of S(µ)(C)). For any such AQ, now we have an algebraic family

(Hom(Ms/WpMs,Ms)
†/As)s∈S(µ)(C)

parametrized by S(µ). Assuming Conditions (i) and (ii) of Theorem B, by the characterization
of up from [7] recalled above we can write the set of those s ∈ S(µ)(C) such that up(Ms) ⊂ As
as a countable union of Zariski closed subsets of S(µ)(C): the union is over the nonzero
elements of

Hom(MQ/WpMQ,MQ)†/AQ ,

and the corresponding closed set for each element is the Hodge locus of the element. It remains
to show that each of these Hodge loci is a proper subset of S(µ)(C), which is not difficult, in
particular because the Lie subalgebra

Hom(MQ/WpMQ,WpMQ)

of W−1End(MQ) is abelian.
As the reader can see from this argument, the reason we need Hypotheses (i) and (ii) in

Theorem B (and hence Theorem A) is that our argument uses [7, Corollary 5.3.2] relating

Ep(M) ∈ Ext(1, Hom(M/WpM,WpM))

and up(M) for a mixed Hodge structure M , rather than Deligne’s characterization of u(M)
in terms of the total extension

E(M) ∈ Ext(1,W−1End(M)).

If one were to repeat the same argument for the family (W0End(Ms)
†)s∈S(µ)(C) and use

Deligne’s result (and hence remove Hypotheses (i) and (ii) from the results), the argument
goes through until the very last step, where one needs to show that the Hodge locus of every
nonzero element of

W0End(MQ)†/AQ

is a proper subset of S(µ)(C), where AQ ( W−1End(MQ) is a global Hodge subspace for
the family (W0End(Ms)

†)s∈S(µ)(C). The difficulty in showing this last step is because of the
nonabelian nature of W−1End(MQ).

1.3. Reinterpretation of Theorem A in terms of invariants. In view of the result about
Zariski closedness of Hodge loci in algebraic families and the relation between Mumford-Tate
groups and their invariants, we can reformulate the assertion of Theorem A as follows. Given
the triple µ, we consider algebraic families of the form

(6) (
⊕

(a,b)∈I

M⊗a,b)M∈S(µ)(C),

where I is a finite subset of Z≥0 × Z≥0. Consider the union⋃
I,v

S(µ)(C)v,

where the union is over all finite subsets I of Z≥0×Z≥0 and all v ∈
⊕

(a,b)∈I M
⊗a,b
Q such that

the Hodge locus S(µ)(C)v is not all of S(µ)(C) (i.e. v is not a global Hodge class for the
family Eq. (6)). This is a countable union of proper Zariski closed subsets of S(µ)(C), and
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outside it the only Hodge classes in each of the families of the form Eq. (6) are the global
Hodge classes. Hence the Mumford-Tate group G(M) for a very general M is the family S(µ)
is the subgroup of GL(MQ) which fixes all the global Hodge classes v in the families of the
form Eq. (6). Thus the assertion of Theorem A is equivalent to the following statement: for
any finite I ⊂ Z≥0 × Z≥0, if

v ∈
⊕

(a,b)∈I

M⊗a,bQ

is a global Hodge class for the family

(
⊕

(a,b)∈I

M⊗a,b)M∈S(µ)(C),

then v is fixed by U0(MQ).

1.4. Organization of the paper. The paper is organized as follows. In the next section,
we shall construct S(µ) and study the map Θp of Eq. (3). In §3 we study algebraic families
of mixed Hodge structures associated to a triple; the main statements to be proved will be
the closedness of Hodge loci and the result about quotients by global Hodge subspaces. In §4
(resp. §5) we use the results of the previous sections together with [7] to establish Theorem
B (resp. C).

2. Parametrizing spaces

2.1. Definition of S(µ). Throughout the paper, we shall constantly work with triples of
the form

(MQ,W·, M̃),

where

(i) MQ is a finite-dimensional vector space over Q,
(ii) W· is a finite increasing filtration on MQ, and

(iii) M̃ =
⊕
n∈Z

M̃n, where for each n, M̃n is a Hodge structure of weight n on the rational

vector space GrWn MQ.

We will simply call such data a triple. We will use lower case Greek letters µ and ν to name
our triples.

Given a triple µ = (MQ,W·, M̃), we define the following objects:

• U(µ): This is the unipotent radical of the parabolic subgroup of GL(M̃C) associated

to the weight filtration on M̃C; thus U(µ) is a complex algebraic group, the subgroup

of GL(M̃C) whose group of R-valued points for any commutative C-algebra R is the

group of automorphisms α of M̃C⊗R that preserve the weight filtration, and moreover

induce the identity map on GrW M̃C. Thus writing the elements of GL(M̃C) as block

matrices corresponding to the decomposition M̃C =
⊕

n(M̃n)C, the group U(µ) is just
the subgroup of block upper triangular matrices with identity maps on the diagonal.
The Lie algebra of U(µ) is

W−1End(M̃C) := {f ∈ End(M̃C) : ∀n ∈ Z, f(WnM̃C) ⊂Wn−1M̃C}.
(If we write the endomorphisms as block matrices this is the space of strictly upper

triangular elements of End(M̃C). Note that W−1End(M̃C) is the underlying rational

vector space of W−1End(M̃).)
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• F 0U(µ): The subgroup of U(µ) consisting of the elements which preserve the Hodge

filtration on M̃C (for R-valued points, they preserve the Hodge filtration after extend-
ing the scalars to R). The Lie algebra of F 0U(µ) is

F 0W−1End(M̃C) := {f ∈W−1End(M̃C) : ∀p ∈ Z, f(F pM̃C) ⊂ F pM̃C}.

Note that F 0W−1End(M̃C) is F 0 of the Hodge structure W−1End(M̃). In partic-

ular, since W−1End(M̃) has weights ≤ −1, we have U(µ) = F 0U(µ) if and only if

W−1End(M̃) is zero, i.e. if and only if M̃ is pure, or in other words, either MQ is zero
or its weight filtration has only one step. (In those situations, every thing we will be
doing will be trivial.)
• T (µ): This is a complex variety with the following functor of points: for any com-

mutative C-algebra R, the set of R-valued points of T (µ) is the set of all R-linear
isomorphisms

α : M̃C ⊗R −→ MC ⊗R
which satisfy the following two conditions:
(i) α preserves the weight filtration.

(ii) Identifying GrW M̃C⊗R with M̃C⊗R via the canonical isomorphism (since M̃C⊗R
is graded by weight), the induced map

GrW M̃C ⊗R
GrWα−−−−→ GrWMC ⊗R

= =

M̃C ⊗R M̃C ⊗R
is the identity map.

Note that T (µ) is a right U(µ)-torsor (the action given by precomposition). In par-
ticular, T (µ) is an affine space.
• Finally, set

S(µ) := T (µ)/F 0U(µ).

This is (non-canonically) isomorphic to U(µ)/F 0U(µ), and hence being isomorphic
to a quotient of a unipotent algebraic group by a subgroup it is an affine space (by
[14, Theorem 5]). Moreover, as long as the weight filtration has more than one step,
U(µ)/F 0U(µ) will have dimension ≥ 1.

Remark 2.1.1. Let R be a commutative C-algebra . Given an R-linear map α : M̃C ⊗ R −→
MC ⊗ R, write α =

∑
n
αn, where αn is the restriction of α to the weight n component of

M̃C ⊗ R, i.e. (M̃n)C ⊗ R. Then α is in T (µ)(A) if and only if each αn is a section of the
natural map

(7) WnMC ⊗R −→ (M̃n)C ⊗R = GrWn MC ⊗R.
Here and in what follows, with abuse of notation a map into WnMC ⊗R and its composition
with the inclusion WnMC⊗R ⊂MC⊗R are denoted by the same symbol. We get a bijection

T (µ)(R) ∼=
∏
n

Sec (WnMC ⊗R −→ (M̃n)C ⊗R)(8)

α 7→ (αn)n∑
n

αn 7→(αn)n,
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where Sec (π) means the set of (linear) sections of a surjective linear map π. We get an
isomorphism of complex varieties

T (µ) ∼=
∏
n

Sec (WnMC −→ (M̃n)C) a,

where Sec (WnMC −→ (M̃n)C) a means the C-scheme associated to the sections of the map

(with the set of R-valued points equal to the set of sections of WnMC ⊗R −→ (M̃n)C ⊗R).
It is easy to see that for every α ∈ T (µ)(R) and every n, we have

WnMC ⊗R =
∑
m≤n

Im(αm),

where the sum on the right is direct.

2.2. Mixed Hodge structures associated to a triple. Let µ = (MQ,W·, M̃) be a triple.
We say a mixed Hodge structure N is associated to µ if the underlying rational vector space
of N is MQ, its weight filtration is W· given in the triple, and

GrWN = M̃.

Note that any mixed Hodge structure associated to µ is determined by the corresponding
Hodge filtration on MC. The requirement of being a mixed Hodge structure associated to µ
translates in terms of the corresponding filtration on MC to the following: the filtration on

MC induces the fixed Hodge filtration on M̃C by the formula

F ·(M̃n)C = Im
(
F ·WnMC ↪→ WnMC −→ WnMC/Wn−1MC = (M̃n)C

)
for all n. Here, in its first appearance, F · is the Hodge filtration on (M̃n)C corresponding to

the pure Hodge structure M̃n (which is a part of the defining data of µ), and in its second
appearance F · is the filtration on MC. (Note that if a filtration F · on MC satisfies the formula,
then (MQ,W·, F

·) is a mixed Hodge structure, since by assumption the induced filtrations on
the GrWn MC make GrWn MQ into a Hodge structure of weight n.)

The collection of all mixed Hodge structures associated to µ is in a canonical bijection
with the set of complex points of S(µ), as we shall see below. Given any α ∈ T (µ)(C), we

may use α to transport the Hodge filtration of M̃C to MC: set

(9) F ·αMC := α(F ·M̃C) =
∑
n

αn(F ·(M̃n)C) ,

where the sum on the right is direct. Let

Mα := (MQ,W·, F
·
α).

Lemma 2.2.1.

(a) For any α ∈ T (µ)(C), Mα is a mixed Hodge structure associated to µ.
(b) Every mixed Hodge structure associated to µ is of the form Mα for some α in T (µ)(C).
(c) For any α, β ∈ T (µ)(C), we have Mα = Mβ if and only if α−1β ∈ F 0U(µ)(C).

Proof. (a) We need to check that the image of F ·αWnMC under the quotient map

(10) WnMC −→ (M̃n)C

is the Hodge filtration on (M̃n)C. We have

F ·αWnMC =
∑
m≤n

αm(F ·(M̃m)C).
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Tentatively, let us denote the map Eq. (10) by πn. Then the part of the sum above corre-
sponding to m < n goes to zero under πn, so that

πn(F ·αWnMC) = πnαn(F ·(M̃n)C) = F ·(M̃n)C.

(b) Let F · be a filtration on MC such that M := (MQ,W·, F
·) is a mixed Hodge structure

associated to µ. The map Eq. (10) is the complex underlying map of the natural morphism

WnM −→ M̃n = GrWn M,

so that by strictness of morphisms of mixed Hodge structures with respect to the Hodge
filtration, Eq. (10) admits a section αn compatible with the Hodge filtration, i.e. such that

αn(F ·(M̃n)C) ⊂ F ·WnMC.

Consider α :=
∑
n
αn ∈ T (µ)(C) (see Remark 2.1.1). Then

F ·αMC =
∑
n

αn(F ·(M̃n)C) = F ·MC.

(c) This is clear from the fact that F ·α (resp. F ·β) was defined by transporting the Hodge

filtration of M̃ via α (resp. β) from M̃C to MC. �

The following parametrization of the set of all mixed Hodge structures associated to µ is
immediate from the lemma:

Proposition 2.2.2. The map

T (µ)(C) −→ the collection of all mixed Hodge structures associated to µ

given by

α 7→ Mα

factors through a bijection

S(µ)(C) −→ the collection of all mixed Hodge structures associated to µ.

We adopt the following notation for the remainder of the paper. Given any commutative
C-algebra R and any element α ∈ T (µ)(R), the image of α in S(µ)(R) is denoted by [α].
Given s ∈ S(µ)(C), the mixed Hodge structure associated to µ at s is denoted by Ms. The
Hodge filtration of Ms is denoted by F ·s (also denoted by F ·α if s = [α]).

Remark 2.2.3. Recall that given any mixed Hodge structure N , Deligne’s splitting gives a
canonical isomorphism

aN : NC −→ GrWNC

which preserves the weight and Hodge filtrations (see [12, Proposition (I.9)] and [5]). More-
over, GrWaN ( = the map induced by aN on the weight associated gradeds) is the identity
map. Applying this to our setting, for any mixed Hodge structure N associated to the triple
µ, we get a canonical element αN = a−1N ∈ T (µ)(C) such that N = MαN . In other words,
Deligne’s splitting gives a set-theoretic section of the map

T (µ)(C) −→ S(µ)(C) ∼= the collection of all mixed Hodge structures associated to µ.

For future use, let us also recall that the isomorphisms aN above are functorial in N , giving
an isomorphism of functors

ω0 ⊗ C −→ (GrWω0)⊗ C,
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where ω0 is the forgetful functor from the category of mixed Hodge structures to the category
of rational vector spaces.2

2.3. Truncations of the weight filtration of a triple. Let µ = (MQ,W·, M̃) be a triple.3

Fix an integer p. The filtration W· induces filtrations on WpMQ and MQ/WpMQ; we shall
denote these filtrations also by W·. We then have two triples

µp := (WpMQ, W·, WpM̃)

and

µ>p := (MQ/WpMQ, W·, M̃/WpM̃)

obtained by truncating µ. Every α ∈ T (µ)(R) (with R = a commutative C-algebra) gives
elements αp ∈ T (µp)(R) and α>p ∈ T (µ>p)(R) in a natural way (by restriction and passing
to the quotient, respectively). We have a morphism

(11) T (µ) −→ T (µp)× T (µ>p) α 7→ (αp, α>p) .

It induces a morphism

Θp : S(µ) −→ S(µp)× S(µ>p) [α] 7→ ([α]p, [α]>p) := ([αp], [α>p]) .

At the level of complex-valued points, thinking of the complex-valued points as parametrizing
spaces of mixed Hodge structures associated to the corresponding triples, the map Θp simply
sends a mixed Hodge structure M associated to µ to the pair (WpM,M/WpM).

2.4. Fibers of Θp. Let µ = (MQ,W·, M̃) be a triple and p ∈ Z. The goal of this subsection
is to study the fibers of the map Θp.

Let us first fix some notation. Given x ∈ S(µp)(C) (resp. y ∈ S(µ>p)(C)), let (WpM)x
(resp. (M/WpM)y) be the mixed Hodge structure associated to µp (resp. µ>p) corresponding
to x (resp. y). These are the mixed Hodge structures with Hodge filtrations F ·x and F ·y on
WpMC and MC/WpMC, respectively (the notation for the filtrations being consistent with
what was introduced in §2.2).

The set Sec (MC −→MC/WpMC) of sections of the map MC −→MC/WpMC is a torsor
for Hom(MC/WpMC,WpMC) (with the additive action). The algebraification Sec (MC −→
MC/WpMC)a (see §2.1) is a torsor for the vector group Hom(MC/WpMC,WpMC)a.

Given

(x, y) ∈ S(µp)(C) × S(µ>p)(C),

let

F 0
x,yHom(MC/WpMC,WpMC)

be the subspace of Hom(MC/WpMC,WpMC) consisting of linear maps f which are compatible
with the filtrations F ·y and F ·x, by which we mean they satisfy

f(F ·y(MC/WpMC)) ⊂ F ·xWpMC.

The algebraification F 0
x,yHom(MC/WpMC,WpMC)a is the subgroup ofHom(MC/WpMC,WpMC)a

whose set of R-valued points is the set F 0
x,yHom((MC/WpMC)⊗R,WpMC⊗R), which is de-

fined to be the set of R-linear maps

(MC/WpMC)⊗R −→ WpMC ⊗R

2In fact, the isomorphism is over R (see [5]), but we will not use this.
3The material of §2.3 and §2.4 are needed for Theorem C and the last step of the proof of Theorem B (§4.4).
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which are compatible with F ·y and F ·x (where with abuse of notation, these mean the filtrations
induced on the R-modules). The quotient

Sec (MC −→MC/WpMC)a/F 0
x,yHom(MC/WpMC,WpMC)a

is an affine space over C. Indeed, it is noncanonically isomorphic to

Hom(MC/WpMC,WpMC)a/F 0
x,yHom(MC/WpMC,WpMC)a.

Note that

(12) F 0
x,yHom(MC/WpMC,WpMC) = F 0Hom((M/WpM)y, (WpM)x),

where Hom is (as everywhere throughout the paper) the internal Hom in the category of
mixed Hodge structures and F · on the right is the Hodge filtration.

Finally, denote the fiber of Θp above (x, y) by S(µ)(x,y).

Proposition 2.4.1. Let (x, y) be as above.

(a) There is a canonical isomorphism

Sec (MC −→MC/WpMC)a/F 0
x,yHom(MC/WpMC,WpMC)a −→ S(µ)(x,y).

(b) Identifying S(µ)(C) as the set of mixed Hodge structures associated to µ, the image
under the isomorphism of Part (a) of a section ψ of MC −→ MC/WpMC has Hodge
filtration given by

F ·MC = F ·xWpMC + ψ (F ·y(MC/WpMC)).

Proof. We will only include a sketch; the omitted details are all straightforward. First, choose
representatives

α ∈ T (µp)(C) and β ∈ T (µ>p)(C)

for x and y, respectively. Given a commutative C-algebra R and an R-linear section ψ of the
quotient MC ⊗R −→ (MC/WpMC)⊗R, via the canonical isomorphism

(13) M̃C ⊗R = WpM̃C ⊗R ⊕ (M̃C/WpM̃C)⊗R,

define

γψ := α+ ψβ : M̃C ⊗R −→ MC ⊗R.

Note that, by construction, γψ is the unique map M̃C⊗R −→ MC⊗R fitting in the diagram

0 WpMC ⊗R MC ⊗R (MC/WpMC)⊗R 0

0 WpM̃C ⊗R M̃C ⊗R (M̃C/WpM̃C)⊗R 0 .

π

ψ

α γψ β

canonical

Let T (µ)(α,β) be the fiber of Eq. (11) above (α, β). We have an isomorphism

Sec (MC −→MC/WpMC)a −→ T (µ)(α,β) ψ 7→ γψ .

One can check that this isomorphism descends to an isomorphism

Sec (MC −→MC/WpMC)a/F 0
x,yHom(MC/WpMC,WpMC)a −→ S(µ)(x,y)
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which does not depend on the choice of α and β (this will be the isomorphism of Part (a)).
Moreover, note that for a section ψ of MC −→MC/WpMC, we have

γψ(F ·M̃C) = γψ(F ·WpM̃C + F ·(M̃C/WpM̃C))

= α(F ·WpM̃C) + ψβF ·(M̃C/WpM̃C)

= F ·xWpMC + ψ F ·y(MC/WpMC)

(the first line making use of the canonical isomorphism of Eq. (13)). This shows the formula
of Part (b). �

Corollary 2.4.2. Given x and y as above, the fiber S(µ)(x,y) is an affine space over C. If
WpMQ and MQ/WpMQ are both nonzero, then the dimension of S(µ)(x,y) is at least 1.

Proof. The first assertion is immediate from Part (a) of the previous Proposition. The second
assertion follows from the same result together with Eq. (12), on noting that when WpMQ
and MQ/WpMQ are nonzero,

Hom((M/WpM)y, (WpM)x)

is a nonzero mixed Hodge structure with only negatives weights, and thus its F 0 cannot be
equal to its entire underlying complex vector space. �

3. Algebraic families of mixed Hodge structures associated to a triple

3.1. Definitions and statements. In this subsection we give the definitions of an algebraic
family of mixed Hodge structures associated to a triple and some related notions. We also
state two results about these algebraic families which will be needed in §4 to prove Theorem
B. The proofs of these two results are the subject of the remainder of this section.

Let µ = (MQ,W·, M̃) be a triple and X a complex variety (reduced scheme of finite type
over C). By an algebraic family of mixed Hodge structures associated to µ parametrized by
X we mean a morphism (of complex varieties)

X −→ S(µ).

Given an algebraic family as above, for each x ∈ X(C) the image of x corresponds to a
mixed Hodge structure associated to µ; we denote this mixed Hodge structure by Mx (with
the morphism X −→ S(µ) understood from the context). The family

S(µ)
Id−→ S(µ)

is referred to the universal family associated to µ. Notationally, sometimes instead of writing
a family as X −→ S(µ), we will write it as (Mx)x∈X(C) (with the key being that in that latter
notation, x 7→Mx ∈ S(µ)(C) is a morphism).

Given an algebraic family X −→ S(µ) of mixed Hodge structures associated to µ and
any subspace

AQ ⊂ MQ ,

we denote by X(C)AQ ⊂ X(C) the set of all x ∈ X(C) such that AQ underlies a mixed Hodge

substructure of Mx.4 For any x ∈ X(C)AQ , we denote the subobject of Mx supported on AQ
by Ax. We shall show that:

4The family with respect to which X(C)AQ is defined will be understood from the context, so the fact that

the notation X(C)AQ does not incorporate µ or the morphism X −→ S(µ) should not lead to confusion.
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Proposition 3.1.1. Let X −→ S(µ) be an algebraic family of mixed Hodge structures asso-

ciated to µ = (MQ,W·, M̃). Let AQ be a subspace of MQ. Then X(C)AQ is a Zariski closed
subset of X(C).

With the setting as above, if X(C)AQ is nonempty, then there is a subobject of M̃ with
underlying rational vector space

ÃQ := GrWAQ ⊂ M̃Q .

We shall denote this subobject by Ã. Note that for every x ∈ X(C)AQ we then have

GrWAx = Ã,

and the mixed Hodge structures Ax and Mx/Ax are associated to the triples

(AQ,W·, Ã)

and
(MQ/AQ,W·, M̃/Ã)

respectively (where with abuse of notation, W· denotes the induced weight filtrations on AQ
and MQ/AQ).

Let us say AQ is a global Hodge subspace with respect to the family if

X(C)AQ = X(C),

i.e. if AQ underlies a subobject of Mx for every x ∈ X(C). Our next result is the following:

Proposition 3.1.2. Let X −→ S(µ) be an algebraic family of mixed Hodge structures as-

sociated to µ = (MQ,W·, M̃). Let AQ ⊂ MQ be a global Hodge subspace with respect to the
family. Then we have algebraic families (Ax)x∈X(C) and (Nx/Ax)x∈X(C), parametrized by X,

respectively associated to the triples µ|AQ := (AQ,W·, Ã) and µ/AQ := (MQ/AQ,W·, M̃/Ã).

The remainder of this section is devoted to the proofs of the two propositions above.

3.2. A useful lemma. Given a rational vector space MQ and a complex subspace AC of
MC := MQ ⊗ C, by saying AC is defined over Q we mean that

AC = AQ ⊗ C
for some subspace AQ ⊂MQ. By basic linear algebra, (i) if AQ exists then it is unique and is
equal to AC ∩MQ, and (ii) AC is defined over Q if and only if

AC = (AC ∩MQ)⊗ C.
The following lemma will be used in proving Proposition 3.1.1; the lemma tells us when

a subobject of the associated graded of a mixed Hodge structure M lifts to a subobject of M :

Lemma 3.2.1. Let M be a mixed Hodge structure, and Ã a Hodge substructure of M̃ :=

GrWM . Then there exists a subobject A of M such that GrWA = Ã if and only if there exists
an isomorphism

α : M̃C −→ MC

which satisfies the following properties:

(i) α is compatible with the weight filtrations and GrWα is the identity map on M̃C.
(ii) α is compatible with the Hodge filtrations.

(iii) For every n, the subspace α(WnÃC) of WnMC is defined over Q.

Moreover, if A exists, then it is unique, and for any α as above, we have AC = α(ÃC).
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Proof. We first discuss uniqueness. One way to see this is as follows: Let ω0 be the forgetful
functor from MHS to rational vector spaces. Then ωGr := ω0 ◦ GrW is also a fiber functor
(sending V 7→ GrWVQ for any mixed Hodge structure V ). Denote (tentatively) the Tannakian
fundamental group of an object V with respect to ωGr by G(V ). If there were objects A1 and

A2 with associated graded Ã, then

ωGrA1 = ωGrA2 = ÃQ.

The representation of G(M) on ÃQ corresponding to each Ai is the sub-representation of the

action of G(M) on M̃Q corresponding to M , so that the two actions on ÃQ corresponding to

A1 and A2 are the same. The identity map on ÃQ gives a G(M)-equivariant isomorphism

ωGrA1 −→ ωGrA2,

where the action on ωGrAi corresponds to Ai. Since ωGr is an equivalence of categories from
the Tannakian category generated by M to the category of finite-dimensional representations
of G(M), this gives an isomorphism

A1 −→ A2

which is compatible with the inclusions into M . Thus A1 = A2.
“If” implication: Given α as in the statement, set

AC := α(ÃC)

AQ := AC ∩MQ.

For R ∈ {Q,C}, define the weight filtration on AR by

W·AR := AR ∩W·MR

By (i) we have W·AC = α(W·ÃC). By (iii),

W·AC = (W·AQ)⊗ C.
The restriction

α|
ÃC

: ÃC −→ AC,

of α to ÃC is compatible with weight filtrations. Since (being a subobject of a graded Hodge

structure) Ã is graded by weight, we have Ã ∼= GrW Ã. Applying GrW to

(14)

ÃC AC⋂ ⋂
M̃C MC

α|
ÃC
'

α
'

and on recalling that GrWα is the identity, we see that ÃC = GrWAC, and that after passing
to associated gradeds α|

ÃC
is the identity map. Use α|

ÃC
to transport the Hodge filtration

on ÃC to obtain a filtration F ·α|
ÃC

(notation consistent with §2.2) on AC. Then by Lemma

2.2.1(a),
A := (AQ,W·, F

·
α|
ÃC

)

is a mixed Hodge structure with GrWA = Ã. The inclusion ι : AQ ⊂ MQ is a morphism of
mixed Hodge structures. (Compatibility with the weight filtration is by definition. As for the
Hodge filtration, the left inclusion in Eq. (14) is compatible with the Hodge filtrations, and
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the Hodge filtrations on AC and MC are transports of the Hodge filtrations on ÃC and ÑC
via the horizontal isomorphisms.)

“Only if” implication: This follows from functoriality of Deligne’s splitting. The isomor-
phism

α = a−1M : M̃C −→ MC

given by Deligne’s splitting does the job (see Remark 2.2.3).
The very last assertion in the statement follows from uniqueness and the proof of the “if”

implication.
�

With the setting as in the previous lemma, if A exists we say Ã lifts to A.

3.3. Proof of Proposition 3.1.1. We now prove Proposition 3.1.1. It suffices to prove the
statement for the universal family, that is, we need to show that the subset S(µ)(C)AQ of
S(µ)(C) consisting of all s ∈ S(µ)(C) such that AQ underlies a subobject of Ms is Zariski
closed. We may assume that S(µ)(C)AQ is nonempty. Note that

Ã := GrWAs ⊂ M̃

is independent of s ∈ S(µ)(C)AQ , as it is the subobject of M̃ with underlying rational vector

space GrWAQ ⊂ M̃Q. The set S(µ)(C)AQ is the set of all s in S(µ)(C) such that Ã lifts to
a subobject of Ms, and moreover the underlying complex vector space of this subobject is
AC := AQ ⊗ C.

Since S(µ)(C)AQ is nonempty, for every n, the vector space WnAC := AC ∩WnMC is
defined over Q. By Lemma 3.2.1, a point s in S(µ)(C) belongs to S(µ)(C)AQ if and only if

there exists α ∈ T (µ)(C) with s = [α] such that α(ÃC) = AC.
LetH be the subgroup ofGL(MC) whose group of C-valued points consists of the elements

of GL(MC)(C) which preserve the weight filtration, induce identity on GrWMC, and stabilize
AC. Then H acts on T (µ) on the left by post-composition. This action induces an action of
H on

S(µ) = T (µ)/F 0U(µ).

By the characterization of the elements of S(µ)(C)AQ described above, this set is an orbit of
the action of H(C) on S(µ)(C). By the theorem of Kostant-Rosenlicht (see for instance, [11,
Theorem 17.64]), such orbits are all Zariski closed. (Note that H is unipotent and S(µ) is
affine.)

Remark 3.3.1. Proposition 3.1.1 together with uniqueness of the lifting in Lemma 3.2.1 has
the following direct consequence. Let X −→ S(µ) be an algebraic family of mixed Hodge

structures associated to µ = (MQ,W·, M̃) and Ã a subobject of M̃ . Let X(C)Ã be the set of

all x ∈ X(C) such that Ã lifts to a subobject of Mx. For each x ∈ X(C)Ã denote the lift by
Ax. Then one of the following statements is true:

(i) X(C)Ã = X(C), with the underlying rational vector space of Ax constant throughout
the family.

(ii) X(C)Ã is the union of countably many disjoint proper Zariski closed subsets of X(C).

Indeed, X(C)Ã =
⊔
AQ

X(C)AQ with the union taken over all subspaces AQ of MQ such that

GrWAQ = ÃQ.
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3.4. Proof of Proposition 3.1.2. The proof of Proposition 3.1.2 relies on the following
fact about torsors for unipotent algebraic groups in characteristic zero: if K is a unipotent
group over a field k of characteristic zero, V is an affine variety over k, then every K-torsor
over V is trivial, in the sense that it admits a section (see [11, Proposition 16.55]).

We now give the proof of Proposition 3.1.2. It is enough to prove the assertion for the
family

S(µ)AQ ↪→ S(µ),

where S(µ)AQ as the subvariety of S(µ) whose set of closed points is S(µ)(C)AQ , the latter set
being defined with respect to the universal family, as in the proof of Proposition 3.1.1 (§3.3).
Let H also be as in the proof of Proposition 3.1.1. Then S(µ)AQ is an orbit of the action of
H on S(µ). We are assuming that S(µ)AQ is nonempty. Note that S(µ)AQ is affine because it
is a closed subvariety of S(µ).

Fix s0 ∈ S(µ)(C)AQ . By Lemma 3.2.1, we can write s0 as [α0] for some α0 ∈ T (µ)(C)

with α0(ÃC) = AC. Let K be the stabilizer of s0 in H for the action of H on S(µ). The orbit
morphism

π : H −→ S(µ)AQ h 7→ h · s0
is a K-torsor over the affine variety S(µ)AQ . Thus π admits a section β.

We have a morphism

(− ◦ α0) |ÃC
: H −→ T (µ|AQ) h 7→ hα0 |ÃC

,

where given h ∈ H(R), by hα0 |ÃC
we mean the restriction of hα0 to an isomorphism ÃC ⊗

R −→ AC ⊗R. We also have a morphism

− ◦ α0 : H −→ T (µ/AQ) h 7→ hα0 ,

where for every h ∈ H(R), by hα0 we denote the isomorphism (M̃C/ÃC)⊗R −→ (MC/AC)⊗R
induced by hα0. The compositions

S(µ)AQ
β−→ H

(−◦α0) |ÃC−−−−−−−→ T (µ|AQ) −→ S(µ|AQ)

and

S(µ)AQ
β−→ H

−◦α0−−−→ T (µ/AQ) −→ S(µ/AQ)

are the desired algebraic families, as is easily seen by looking at the complex points. (In
particular, the compositions are independent of the choice of β.)

4. Proof of Theorem B

4.1. Setup and reduction to the case of global Hodge subspaces. The goal of this sec-
tion is to use the results of the previous section and Corollary 5.3.2 of [7] to deduce Theorem B.

Throughout the section, we shall fix the integer p and the triple µ = (MQ,W·, M̃). We assume
that both WpMQ and MQ/WpMQ are nonzero, as otherwise Dp(µ) is empty (see the Introduc-
tion for the definition of Dp(µ)). For any proper subspace AQ ⊂ Hom(MQ/WpMQ,WpMQ),
let Dp(µ)AQ be the subset of S(µ)(C) consisting of all s ∈ S(µ)(C) such that the following
two conditions hold:

(i) AQ underlies a subobject of Hom(Ms/WpMs,WpMs).
(ii) up(Ms) ⊂ AQ.
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We then have

Dp(µ) =
⋃
AQ

Dp(µ)AQ ,

where the union is over all proper subspaces AQ of Hom(MQ/WpMQ,WpMQ). Thus it suffices
to show that each Dp(µ)AQ is contained in a union of countably many proper Zariski closed
subsets of S(µ)(C).

We will be working with the following two triples:

ν :=
(
Hom(MQ/WpMQ,WpMQ), W·, Hom(M̃/WpM̃,WpM̃)

)
ν ′ :=

(
Hom(MQ/WpMQ,MQ)†, W·, Hom(M̃/WpM̃, M̃)†

)
We refer the reader to §1.2 for the definition of Hom(N/WpN,N)† and its underlying rational

vector space Hom(NQ/WpNQ, NQ)† for any mixed Hodge structure N . The weight filtrations
in the triples ν and ν ′ are those induced by the weight filtration on MQ. (For ν ′, consider the
weight filtration on Hom(MQ/WpMQ,MQ) first and then restrict it to the daggered subspace.)

Lemma 4.1.1. We have algebraic families

(Hom(Ms/WpMs,WpMs))s∈S(µ)(C)

and

(Hom(Ms/WpMs,Ms)
†)s∈S(µ)(C)

of mixed Hodge structures associated respectively to the triples ν and ν ′.

Proof. For a filtered module (V,W·) over a commutative algebra k over Q, to simplify the nota-
tion let us use the canonical injections to consider bothHom(V/WpV,WpV ) andHom(V/WpV, V )†

(the latter defined in a way analogous to the case of k = Q) as subspaces of End(V ). The de-
sired morphisms S(µ) −→ S(ν) and S(µ) −→ S(ν ′) descend from morphisms T (µ) −→ T (ν)
and T (µ) −→ T (ν ′) given by conjugation, i.e. sending α ∈ T (µ)(R) (for a commutative
C-algebra R) to conjugation by α. �

Let AQ ( Hom(MQ/WpMQ,WpMQ). Applying Proposition 3.1.1 to the families above,
the set

S(µ)(C)AQ = {s ∈ S(µ)(C) : AQ underlies a subobject of Hom(Ms/WpMs,WpMs)}5

is a Zariski closed subset of S(µ)(C). SinceDp(µ)AQ is contained in S(µ)(C)AQ , if S(µ)(C)AQ 6=
S(µ)(C) we are done. It remains to consider the case where S(µ)AQ = S(µ)(C).

4.2. Application of a result of [7] - Reduction to the study of Hodge loci in quo-
tient families. Assume that AQ is a proper subspace of Hom(MQ/WpMQ,WpMQ) with
S(µ)(C)AQ = S(µ)(C). In what follows by a Hodge class in a rational mixed Hodge structure
N we mean a Hodge class of weight zero, i.e. an element of

W0NQ ∩ F 0NC.

The data of a Hodge class w in N is equivalent to the data of a morphism 1 −→ N (passage
from the former to the latter: define the morphism by sending 1 7→ w; passage from the latter
to the former: take w to be the image of 1 ∈ Q).

5While in the definition of S(µ)(C)AQ we worked with the family (Hom(Ms/WpMs,WpMs))s∈S(µ)(C), it is

clear that working with the family (Hom(Ms/WpMs,Ms)
†)s∈S(µ)(C) would result in the same S(µ)(C)AQ .
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Fix s ∈ S(µ)(C) for the time being. With notation as in §3.1, As denotes the subobject
of Hom(Ms/WpMs,WpMs) (and Hom(Ms/WpMs,Ms)

†) supported on AQ. Consider the
pushforward Ep(Ms)/As of the extension

Ep(Ms) : 0 −→ Hom(Ms/WpMs,WpMs) −→ Hom(Ms/WpMs,Ms)
† λ−→ 1 −→ 0

(see §1.2) along the quotient map

Hom(Ms/WpMs,WpMs) −→ Hom(Ms/WpMs,WpMs)/As .

Under Hypotheses6 (i) and (ii) of Theorem B, Corollary 5.3.2 of [7] tells us that Ep(Ms)/As
splits if and only if up(Ms) is contained in AQ (or in other words, up(Ms) ⊂ As, see §1.2 for
definition of up(Ms)). The extension Ep(Ms)/As is given by

0 −→ Hom(Ms/WpMs,WpMs)/As −→ Hom(Ms/WpMs,Ms)
†/As

λ−→ 1 −→ 0

(λ being induced by λ). There is a bijection

sections γ of λ in the category ←→ Hodge classes w in Hom(Ms/WpMs,Ms)
†/As

of mixed Hodge structures with λ(w) = 1

γ ↔ γ(1) .

Note that since the weights of Hom(Ms/WpMs,WpMs)/As are all negative, λ admits at most
one section in the category of mixed Hodge structures.

For any element w of

Hom(MQ/WpMQ,MQ)†/AQ

with7 λ(w) = 1, consider the Hodge locus

Dp(µ)AQ,w := {s ∈ S(µ)(C) : w is a Hodge class in Hom(Ms/WpMs,Ms)
†/As}.

Then combining the above observations, we have

Dp(µ)AQ =
⊔
w

Dp(µ)AQ,w

where w runs through all w as above. We will be done if we show that each Dp(µ)AQ,w is a
proper Zariski closed subset of S(µ)(C).

4.3. Zariski closedness of each Hodge locus. Zariski closedness of each Dp(µ)AQ,w (with
AQ and w as above) follows from Propositions 3.1.1 and 3.1.2. Indeed, Dp(µ)AQ,w is, in the
notation of §3.1, just equal to S(µ)(C)span{w} for the algebraic family

(Hom(Ms/WpMs,Ms)
†/As)s∈S(µ)(C) .

(Note that if span{w} is a subobject of Hom(Ms/WpMs,Ms)
†/As, then this subobject will

have to be a copy of 1: being a 1-dimensional subobject of an object with weights ≤ 0, it will
be a copy of Q(n) for some n ≥ 0, and since λ(w) 6= 0 we must have n = 0.)

6This is the only place in the argument where these hypotheses come into play.
7Note that as maps of vector spaces the maps λ and λ do not depend on s.
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4.4. Properness of each Hodge locus. The final step is to show that each Hodge locus
Dp(µ)AQ,w is a proper subset of S(µ)(C). In other words, given any f ∈ Hom(MQ/WpMQ,MQ)†

with λ(f) = 1 (i.e. given any section of MQ −→ MQ/WpMQ), the goal is to show that there
is s ∈ S(µ)(C) such that

f +AQ ∈ Hom(MQ/WpMQ,MQ)†/AQ

is not a Hodge class in Hom(Ms/WpMs,Ms)
†/As.

Recall from §2.3 and §2.4 that we have a map

Θp : S(µ)(C) −→ S(µp)(C)× S(µ>p)(C) s 7→ (sp, s>p)

(here considered at the level of complex points). For any

(x, y) ∈ S(µp)(C)× S(µ>p)(C),

the fiber S(µ)(C)(x,y) of Θp above (x, y) is canonically isomorphic to the set of sections of the
linear map MC −→MC/WpMC, modded out by the additive action of

F 0Hom((M/WpM)y, (WpM)x)

(see Proposition 2.4.1). Denote the element of S(µ)(C)(x,y) corresponding to a section ψ by
[ψ]. The Hodge filtration of M[ψ] is given by the formula

(15) F ·[ψ]MC = F ·xWpMC + ψ(F ·y(MC/WpMC)).

We shall show that for any f ∈ Hom(MQ/WpMQ,MQ)† with λ(f) = 1 and any (x, y) in
S(µp)(C)× S(µ>p)(C), there is a point s in the fiber S(µ)(C)(x,y) such that f + AQ is not a

Hodge class in Hom(Ms/WpMs,Ms)
†/As. More precisely, we will see that:

Proposition 4.4.1. Let f ∈ Hom(MQ/WpMQ,MQ)† with λ(f) = 1. Fix arbitrary (x, y) ∈
S(µp)(C) × S(µ>p)(C). Let AQ be a proper subspace of Hom(MQ/WpMQ,WpMQ) which
underlines a mixed Hodge substructure of Hom((M/WpM)y, (WpM)x).8 Then there is s ∈
S(µ)(C)(x,y) such that f +AQ is not a Hodge class in Hom(Ms/WpMs,Ms)

†/As.

Let us first give two lemmas:

Lemma 4.4.2. Fix (x, y) ∈ S(µp)(C) × S(µ>p)(C). Let f and ψ be sections of MC −→
MC/WpMC. Let s = [ψ] ∈ S(µ)(C)(x,y). Then f ∈ F 0Hom(Ms/WpMs,Ms)

† if and only if

ψ ∈ f + F 0Hom((M/WpM)y, (WpM)x).

Proof. In view of the definition of the Hodge filtration of an internal Hom object, to say
f ∈ F 0Hom(Ms/WpMs,Ms)

† is to say that f satisfies f(F ·y(MC/WpMC)) ⊂ F ·sMC. The
latter statement is by Eq. (15) (applied to the section f) equivalent to F ·[f ] = F ·s, or in other

words, to [f ] = s. The claim follows. �

The next lemma builds on the previous one:

Lemma 4.4.3. Let f , (x, y) and AQ be as in Proposition 4.4.1. Let s = [ψ] ∈ S(µ)(C)(x,y),
with ψ a section of MC −→ MC/WpMC. Then f + AQ is a Hodge class in the quotient

Hom(Ms/WpMs,Ms)
†/As if and only if

ψ ∈ f +AC + F 0Hom((M/WpM)y, (WpM)x).

8This is guaranteed if S(µ)(C)AQ = S(µ)(C). Indeed, since WpMs = (WpM)sp and Ms/WpMs =
(M/WpM)s>p , the subspace AQ underlines a subobject of Hom((M/WpM)y, (WpM)x) if and only if it under-

lines a subobject of Hom(Ms/WpMs,WpMs) for one (and hence every) s ∈ S(µ)(C)(x,y).
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Proof. The element f + AQ is a Hodge class in Hom(Ms/WpMs,Ms)
†/As if and only if it

is in F 0 of the latter mixed Hodge structure. By strictness of morphisms of mixed Hodge
structures with respect to the Hodge filtration, this is equivalent to

(f +AC) ∩ F 0Hom(Ms/WpMs,Ms)
†

being nonempty. Combining with Lemma 4.4.2, we get the claim. �

We are ready to deduce Proposition 4.4.1, and hence complete the proof of Theorem B.

Proof of Proposition 4.4.1. With notation as in the statement of the Proposition, suppose
that f + AQ is a Hodge class in Hom(Ms/WpMs,Ms)

†/As for every s ∈ S(µ)(C)(x,y). By
Lemma 4.4.3,

f +AC + F 0Hom((M/WpM)y, (WpM)x)

contains (and hence is equal to) the set of all sections of MC −→MC/WpMC. Thus

AC + F 0Hom((M/WpM)y, (WpM)x) = Hom(MC/WpMC,WpMC).

It follows that

F 0 (Hom((M/WpM)y, (WpM)x)/A) = Hom((M/WpM)y, (WpM)x)/A ,

where A is the subobject of Hom((M/WpM)y, (WpM)x) supported on AQ. But this is absurd
since Hom((M/WpM)y, (WpM)x)/A is a nonzero mixed Hodge structure of only negative
weights. �

5. Proof of Theorem C

The goal of this section is to prove Theorem C. Throughout, we fix the triple µ, an
integer p, and a point (x, y) ∈ S(µp)(C) × S(µ>p)(C). The theorem is trivial if MC/WpMC
or WpMC is zero, so again we will assume that these are both nonzero. Notations such as
(WpM)x, (M/WpM)y, λ, etc. mean the same as before. Thus for every s ∈ S(µ)(C)(x,y), we
have WpMs = (WpM)x and Ms/WpMs = (M/WpM)y, so that

up(Ms) ⊂ Hom((M/WpM)y, (WpM)x).

(See §1.2 for the definition of up(Ms).)

5.1. Setup. For every proper subobject

A ⊂ Hom((M/WpM)y, (WpM)x),

set
D′ p(µ)A := {s ∈ S(µ)(C)(x,y) : up(Ms) ⊂ A}.9

Since Hom((M/WpM)y, (WpM)x) has only countably many subobjects, it is enough to show
that for each of those proper subobjects A, the set D′ p(µ)A above is a union of countably
many proper Zariski closed subsets of S(µ)(C)(x,y). By Theorem 3.3.1 of [6] (which is proved
by a very small modification of Hardouin’s arguments for [9, Theorem 2] and [8, Theorem
2.1], those results in turn building on Bertrand’s [2, Theorem 1.1]), we have

D′ p(µ)A = {s ∈ S(µ)(C)(x,y) : Hom((M/WpM)y,Ms)
†/A ∈ 〈(WpM)x, (M/WpM)y〉⊗}.

Here, 〈(WpM)x, (M/WpM)y〉⊗ means the Tannakian subcategory of the category of mixed
Hodge structures generated by (WpM)x and (M/WpM)y. (By definition, this subcategory is
closed under taking subobjects).

9In the notation of §4, this is the intersection of Dp(µ)AQ and S(µ)(C)(x,y). We used A instead of AQ in

the notation because A is a fixed mixed Hodge structure when x and y are fixed.
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Up to isomorphism, the category 〈(WpM)x, (M/WpM)y〉⊗ has countably many objects
(since for any finite-dimensional vector space V and H ≤ GL(V ), every representation of H
has a copy contained in a direct sum of the canonical representations V ⊗m ⊗ V ∨⊗n; see [11,
§4.14], for instance). For any object N of 〈(WpM)x, (M/WpM)y〉⊗, let

D′ p(µ)A ,N := {s ∈ S(µ)(C)(x,y) : Hom((M/WpM)y,Ms)
†/A ' N}.

It is enough to show that each D′ p(µ)A ,N is a union of countably many proper Zariski closed
subsets of S(µ)(C)(x,y). Note that sinceA is a proper subobject ofHom((M/WpM)y, (WpM)x),
the subset D′ p(µ)A,1 is empty. Also note that D′ p(µ)A ,N depends on the isomorphism class
of N , rather than N itself.

We now fix an object N 6' 1 of 〈(WpM)x, (M/WpM)y〉⊗ and show that D′ p(µ)A ,N is a
union of countably many proper Zariski closed subsets of S(µ)(C)(x,y). We shall assume that
D′ p(µ)A ,N is nonempty. There are only countably many filtrations F · on

(16) Hom(MC/WpMC,MC)†/AC

( = the underlying complex vector space of every Hom((M/WpM)y,Ms)
†/A) such that

(Hom(MQ/WpMQ,MQ)†/AQ,W·, F
·)

(with W· induced by our fixed weight filtration on MQ) is a mixed Hodge structure isomorphic
to N (because after all, any such filtration will be the transport of the Hodge filtration on
N by some isomorphism NQ −→ Hom(MQ/WpMQ,MQ)†/AQ). Thus we may fix one such
Hodge filtration F ·0 on Eq. (16) and show that

D′ p(µ)A ,F ·0 :=
{
s ∈ S(µ)(C)(x,y) :F ·(Hom((M/WpM)y,Ms)

†/A)

= F ·0 (Hom(MC/WpMC,MC)†/AC)
}

is a proper Zariski closed subset of S(µ)(C)(x,y). (We dropped N from the notation as its
isomorphism class is determined by F ·0 .)

5.2. A construction. Before we prove that each D′ p(µ)A ,F ·0 is a proper Zariski closed

subset of S(µ)(C)(x,y) we need to give a construction. Let ν ′ be as in §4.1. Set

Ã := GrWA ( Hom(M̃/WpM̃,WpM̃).

For any s ∈ S(µ)(C) such that AQ underlines a subobject of Hom((M/WpM)y,Ms)
†, and in

particular for every s ∈ S(µ)(C)(x,y), the mixed Hodge structure Hom((M/WpM)y,Ms)
†/A

is a mixed Hodge structure associated to the triple

ν ′/AQ :=
(
Hom(MQ/WpMQ,MQ)†/AQ, W·, Hom(M̃/WpM̃, M̃)†/Ã

)
.

The weight filtration of Hom(MQ/WpMQ,MQ)†/AQ has only weights ≤ 0; moreover,

W−1Hom(MQ/WpMQ,MQ)†/AQ = Hom(MQ/WpMQ,WpMQ)/AQ 6= 0

and

GrW0 (Hom(MQ/WpMQ,MQ)†/AQ) = Q
(via λ). With the notation of §2.3, we have

(ν ′/AQ)−1 =
(
Hom(MQ/WpMQ,WpMQ)/AQ, W·, Hom(M̃/WpM̃,WpM̃)/Ã

)
and

(ν ′/AQ)>−1 = (Q,W·1,1),
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where W·1 means the weight filtration of the unit object 1, considered at the rational level
(i.e. the increasing filtration on Q concentrated in step 0). Note that the only mixed Hodge
structure associated to the latter triple is 1 itself. Denote the element of S((ν ′/AQ)−1)(C)
corresponding to Hom((M/WpM)y, (WpM)x)/A by (x; y). Let S(ν ′/AQ)((x;y),∗) be the fiber
of

Θ−1 : S(ν ′/AQ) −→ S((ν ′/AQ)−1) × S((ν ′/AQ)>−1) = S((ν ′/AQ)−1) × {∗}
(i.e. Θ−1 for the triple ν ′/AQ) above ((x; y), ∗). (See §2.3.)

We have a function

∆ : S(µ)(C)(x,y) −→ S(ν ′/AQ)(C)((x;y),∗) s 7→ Hom((M/WpM)y,Ms)
†/A,

which in fact comes from a morphism

S(µ)(x,y) −→ S(ν ′/AQ)((x;y),∗).

This can be easily seen using Proposition 2.4.1, but it can also be seen using the material of
§3: Consider the morphism S(µ) −→ S(ν ′) corresponding to the family

(Hom(Ms/WpMs,Ms)
†)s∈S(µ)(C)

(see Lemma 4.1.1); by Proposition 3.1.2 it gives a morphism

(17) S(µ)AQ 7→ S(ν ′/AQ),

corresponding to the family (Hom(Ms/WpMs,Ms)
†/As)s∈S(µ)(C)AQ

, where S(µ)AQ is with

respect to the family (Hom(Ms/WpMs,Ms)
†)s∈S(µ)(C). (By definition, it is the subvariety

of S(µ) whose set of closed points S(µ)(C)AQ is the set of those s ∈ S(µ)(C) such that

AQ underlies a subobject of Hom(Ms/WpMs,Ms)
†. By construction, AQ is a global Hodge

subspace for the family S(µ)AQ ↪→ S(µ)→ S(ν ′).) Since for every s ∈ S(µ)(C)(x,y) we have

W−1Hom(Ms/WpMs,Ms)
†/As = Hom(Ms/WpMs,WpMs)/As

= Hom((M/WpM)y, (WpM)x)/A,

the morphism Eq. (17) restricts to a morphism

S(µ)(x,y) −→ S(ν ′/AQ)((x;y),∗).

At the complex level this is the map ∆.

5.3. Finishing the proof. We now come back to showing that D′ p(µ)A ,F ·0 is a proper
Zariski closed subset of S(µ)(C)(x,y) (with A is as before, and F0 as in §5.1: a fixed filtra-

tion on Eq. (16) making Hom(MQ/WpMQ,MQ)†/AQ with its given weight filtration a mixed
Hodge structure). We will assume that D′ p(µ)A ,F ·0 is nonempty. Since F ·0 is the Hodge filtra-

tion on Hom(Ms/WpMs,Ms)
†/As for some s ∈ S(µ)(C)(x,y), it follows that the mixed Hodge

structure on Hom(MQ/WpMQ,MQ)†/AQ with Hodge filtration F ·0 (and the given weight fil-
tration) is associated to the triple ν ′/AQ, and moreover belongs to S(ν ′/AQ)(C)((x;y),∗). Now
the set D′ p(µ)A ,F ·0 is exactly the pre-image of this element of S(ν ′/AQ)(C)((x;y),∗) under the
map ∆, and hence is Zariski closed in S(µ)(C)(x,y).

It remains to establish properness. This is done by verifying that (i) ∆ is surjective and
(ii) S(ν ′/AQ)(C)((x;y),∗) is more than a single point. By Proposition 2.4.1 (applied to Θ−1 of

ν ′/AQ), every element of S(ν ′/AQ)(C)((x;y),∗) is of the form [ψ] for a section ψ of the map

λ : Hom(MC/WpMC,MC)†/AC −→ C.
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Here, λ is the map induced by λ : Hom(MC/WpMC,MC)† −→ C, and [ψ] denotes the element

of the fiber S(ν ′/AQ)(C)((x;y),∗) arising from the section ψ via the isomorphism of Proposition

2.4.1. Now lift ψ to section ψ of λ. Then ψ(1) ∈ Hom(MC/WpMC,MC)† is a section of
MC −→ MC/WpMC, and hence by Proposition 2.4.1 (applied to Θp for µ) gives an element

[ψ(1)] of S(µ)(C)(x,y). Then ∆ sends [ψ(1)] to [ψ].
Finally, note that again by Proposition 2.4.1,

S(ν ′/AQ)(C)((x;y),∗) ∼=
λ
−1

(1)

F 0(Hom((M/WpM)y, (WpM)x)/A)

non-canonically
' Hom(MC/WpMC,WpMC)/AC

F 0(Hom((M/WpM)y, (WpM)x)/A)
.

The object
Hom((M/WpM)y, (WpM)x)/A

is a nonzero object with all weights < 0, and hence its F 0 cannot be the entire space. This
completes the proof of Theorem C.
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